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An efficient method is presented for the computer analysis in the fre- 
quency domain of multizone passive solar buildings. This method models 
heat conduction and convection between rooms, heat flows which are 
often not accounted for in order to reduce computation time. Heat 
transfer through a building is modelled by a thermal network. Massive 
walls are represented as two-port elements, analogous to non-inductive 
electrical transmission lines. Nodes representing exterior surfaces, whose 
temperatures do not have to be explicitly determined, are eliminated by 
the Norton theorem. The resulting simplified, but still complex net- 
works, are split into subnetworks corresponding to rooms by removing 
a few simple components; the solutions for the subnetworks are found by 
means of the nodal formulation and are then coupled to give the system 
solution, without ever having to solve directly the initial complex network. 
There are no errors introduced by this decomposition process. This 
significantly simplifies the analysis of the building network and provides 
physical insight into the modelling and coupling of its subsystems. 
Key words: mathematical model, thermal network, subnetwork, diakoptics, 
multizone, frequency 
During the thermal analysis and design of a passive solar 
building it is necessary to evaluate heating or cooling 
loads and room temperature fluctuations using several 
years’ climatic data, such as solar radiation and ambient 
temperature. Moreover, it is desirable to evaluate the build- 
ing response under extreme design conditions for many 
design options, each time changing only a few of the 
building parameters, until an optimum response is obtained. 
The motivation behind this paper is the need to develop a 
general and efficient method for the analysis of complex 
thermal network models ofmultizone passive solar buildings. 
A zone is a thermal enclosure such as a room or a sun- 
space, in which the air can be assumed, within reasonable 
approximation, to be at a uniform temperature. Thus, two 
connected rooms with the same air temperature constitute 
one zone. A basic characteristic of passive solar buildings is 
the strong convective and conductive coupling between 
adjacent rooms which constitute thermal zones. This 
coupling is very important between south facing direct solar 
gain rooms receiving significant solar radiation, and rooms 
which receive very little solar radiation. For example, as 
shown by Balcomb, heat transfer by natural convection 
through a doorway connecting a hot direct gain room and 
a cold north facing room, can be an effective way of heating 
the cold room.’ 
A widely accepted modelling approximation is the 
linearization of radiation and convection heat transfer 
coefficients. Typical values of these coefficients are given 
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by ASHRAE? Another approximation usually made in 
design methods for conventional buildings is that the rooms 
can be considered as separate uncoupled zones.’ Thus, it is 
assumed that there is no convective heat transfer through a 
doorway between two rooms and common walls are split 
into two symmetric walls, each with an adiabatic surface at 
the splitting plane, and each half wall belonging to the 
adjacent room. The main reason for this assumption is 
numerical efficiency; only a minimum number of simul- 
taneous equations have to be solved corresponding to one 
room. 
The above assumption could be quite erroneous for 
many standard residential buildings, and it is certainly 
unjustified for passive solar buildings. On the other hand 
there exist detailed models for multizone buildings which 
do not neglect coupling but which merely solve all the 
system equations simultaneously, which is numerically 
inefficient. It is also not suitable during design, when a 
particular section of the network is often changed but the 
rest is left unaltered. 
The necessary background in network theory for under- 
standing the method is briefly described in the next section. 
The thermal network model is then described in the fre- 
quency domain, and the method is developed and illustrated 
through application to a two-zone passive solar building. 
In this paper a novel method is presented which permits 
modelling of strongly coupled zones and at the same time 
gives rise to a minimum set of simultaneous equations. The 
thermal networks are decomposed into subnetworks 
corresponding to zones and the solutions of the subnet- 
works are finally combined to give the solution of the total 
system. During design, if a zone is changed, only the new 
solution for that zone has to be obtained and combined 
with the solutions for the unchanged zones. In addition to 
the numerical advantage gained over the simple nodal 
solution through decomposition, the method provides 
insight into modelling and automatic formulation of the 
system equations without any errors being introduced. 
Solution of large sparse thermal networks and 
diakoptics 
The thermal network for a multizone passive solar building 
has regions of densely interconnected nodes representing 
room interiors, which, to a good approximation are coupled 
to each other by only two paths: a convective path through 
a doorway and a conductive one through a common wall. 
This particular coupling assumption is not necessary for the 
general method developed; zones or rooms can be coupled 
by any number of paths. However, in order to make the 
method easily understood, it is developed for the two-zone 
case, with only two couplings, and the general multizone 
extension is then described. In many design cases, such as 
for a sunspace and an adjacent room, there is only one 
coupling through a conductive path. Thus, in most practical 
cases, the dense subnetworks corresponding to room 
interiors are interconnected by a few components only, 
giving rise to overall sparsely interconnected networks. 
These topological properties can be exploited for efficient 
analysis after the radiation and convection conductances 
are linearized. 
Multiterminal representations and the nodal formulation 
A large network can be viewed as composed of subnet- 
works interconnected at their external terminals. Thus, 
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interior nodes of no interest can be efficiently eliminated. 
For example, the internal nodes in a multilayered wall are 
eliminated as explained below and the wall is represented 
by only two nodes, corresponding to the inside and outside 
surfaces. 
A complete mathematical representation of a subnetwork 
at the terminals is known in network theory as a multi- 
terminal representation (MTR), and can be described by:3’4 
q=YT (la) 
where heat flows q, and temperatures T, at the terminals, 
are vectors with elements 4 (0 and T(l) corresponding to 
I = 1, 2,. . . , N terminals of the subnetwork. Matrix Y is 
square of order N and it is composed of combinations of 
complex admittances representing conduction heat transfer, 
and purely resistive components representing convection 
and radiation heat transfer. An alternative form of the 
terminal equations is in terms of impedance: 
T=ZQ 
where 
z= y-r 
(lb) 
(1) The diagonal entry Y(Z, r) is equal to the sum of the 
component admittances connected to node I. 
(2) Off diagonal entry Y(Z, J) is the sum of component 
admittances connected between nodes I and J, multiplied 
by-l. 
Conceptually, one could visualize equation (1 b) as describ- 
ing the application of N heat sources Q(Z) at the appropriate 
terminals causing temperatures T(Z). The converse is true 
for equation (1 a), where temperature sources are applied, 
causing heat flows. The terminal equations (la) or (1 b) 
describe the physical processes in a compact manner. For 
subnetworks consisting of simple components with only 
two terminals the ‘nodal admittance matrix’ Y and the 
associated heat source vector Q can be obtained by inspec- 
tion4 as follows: 
(3) The heat source vector element Q(Z) is the sum of the 
heat sources connected to node I (positive if directed to 
the node). 
An example of a subnetwork and its nodal admittance 
matrix is given in Figure 1. Also given is the associated linear 
graph, on which arbitrary heat flow directions have been 
drawn.3 The associated incidence matrix which contains the 
same information as the graph, but in matrix form, is also 
shown. The convention followed is that 1 is entered for an 
edge (line) directed away from a node and -1 if it is directed 
towards a node. Since all temperatures and heat flows are 
relative to a reference or datum level, the MTR of the sub- 
network can be compactly shown in graphical form by lines 
directed from the terminals (nodes) to the reference node 
(Figure Ic). The lines of the graph are referred to as edges 
in network theory, and the graph as a Lagrangian tree. The 
direction of the edges represents the initial arbitrarily 
assumed direction of heat flow through the edges or com- 
ponents (if this flow turns out to be in the opposite direc- 
tion it will appear as negative in the final solution). When 
the subnetwork is embedded into a network, the edges and 
the incidence matrix carry the information about the 
interconnection pattern of the subnetwork. 
In the thermal network models employed in this study 
no discretization of the massive walls is required. The walls 
are treated as three terminal components (two-ports), two 
of the terminals (nodes) being the interior and exterior 
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Figure 7 (a) Example subnetwork and oriented linear graph, 
(b) incidence matrix, (c) MTR and associated nodal admittance 
matrix 
surfaces and the third being the reference node. Two-port 
network methods have been used for some time in model- 
ling conduction through multilayered walls?’ 6 The two-port 
terminal equations can be expressed in many forms, the 
most widely encountered form being the cascade form, 
relating temperature and heat flow at one surface to those 
at the other surface. The cascade matrix for a multilayered 
wall is obtained by multiplying the cascade matrices for 
consecutive layers. Usually the temperatures of interest are 
either the inside or the outside temperatures. In this way, 
wall interior temperatures of no interest are easily eliminated. 
For two-ports, the terminal equations can be converted 
from one form to another (see Appendix 2 for example) 
analytically because the matrices involved are of second- 
order. The transformation equations are thus obtained 
once and for a11.3 However, when more than three terminals 
are involved, such a direct approach is not feasible; the 
method of diakoptics and MTR can be employed in such 
cases. 
Diakoptics and MTR 
There are two main routes to the efficient solution of 
large scale systems. The first one is the sparse matrix 
method which is a strictly numerical method, and thus has 
only computation and computer storage reduction advant- 
ages over standard methods.’ The other method is known as 
diakoptics which, apart from these advantages, also provides 
direct physical interpretation by preserving the identity of 
the subnetworks and their interconnections. 
Diakoptics means ‘tearing’ a system into subsystems. 
The original network is decomposed into subnetworks in 
such a way as to take advantage of the topological features 
of the network. Multiterminal representations are then 
found for the subnetworks, followed by an assembly 
process during which the topology of the original network 
is used to interconnect the MTR. The process of assembly 
of the system equations is based on a set of linear trans 
formations. Thus if only a particular subnetwork is changed 
after the original solution of the final system equations, it is 
not necessary to solve the whole system again, but only to 
determine the new MTR for the subnetwork and solve 
again only the block of equations directly affected. The 
two-port network methods previously mentioned can be 
considered a simple example of diakoptics. 
A detailed explanation of diakoptic methods is given by 
their founder Kron, who used tensor methods which are 
very efficient in expressing linear transformations.* How- 
ever, as shown by Bramellar et al., it is sufficient for net- 
work analysis to use matrix algebra alone and this is the 
approach taken here.9 A comparison between the MTR- 
graph theoretic method and classical diakoptics is given by 
Kesavan et al., which shows that both have the same goals 
and are similar.” For example, the Y-diakoptic method 
used in this section employs the MTR based on the 
Lagrangian tree of each subnetwork, it is called Y-diakoptic 
because the nodal admittance formulation is used. Thus, 
each subnetwork is described by a nodal admittance matrix 
Y which is easily obtained by inspection. Although not 
absolutely essential, a common reference node is used for 
all subnetworks because all the energy storage elements 
are connected to the same reference node. Thus, as will 
be seen, the Y-diakoptic method is probably one of the 
most efficient methods of solving a multizone thermal 
system, and at the same time preserving a physical inter- 
pretation of the operations involved (e.g. ‘tearing’) through 
the concept of equivalent networks. 
Thermal network and preliminary simplifications 
Before developing the Y-diakoptic method for passive 
solar buildings the basic modelling assumptions are briefly 
described, as well as simplifications based on linear network 
theory that eliminate nodes whose temperatures are of no 
interest. Moreover, temperature sources are at the same 
time converted into equivalent heat sources, so that the 
nodal formulation can be applied to the system. The 
convective conductances are given as: 
Y, = Ah, (2) 
where h, is a convective coefficient between air and a 
surface, and A is surface area. If Y, represents convective 
coupling between rooms, h, is replaced by the interzone 
convective coefficient and A is the doorway area. The 
radiation conductances are given as: 
Y, =4AoT;F* (3) 
where 4T$ is the linearization factor, which is based on an 
assumed mean temperature T, which is approximately 
290K for room surfaces. F* is the radiation transfer factor 
between the pair of surfaces under consideration, deter- 
mined from the radiation view factors and the properties 
of the room surfaces which are assumed to be grey.” 
A linear subnetwork connected to a network at only 
two terminals can be represented by an equivalent heat 
source and an admittance connected in parallel between 
those terminals. The equivalent heat source and the 
admittance represent the Norton equivalent as seen from 
the connecting port. Thus, exterior walls can be modelled 
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Figure 2 Norton equivalent network for an exterior wall with a 
massive interior layer 
by their Norton equivalents since there is a source acting 
on their outside surfaces and we are only interested in 
interior surface temperatures. This transformation is 
illustrated in Figure 2. The source T,, is the sol-air 
temperature and combines the ambient temperature and 
the solar radiation absorbed by the external surface. The 
conductance U,, combines the nonmassive insulation 
behind the storage mass and the surface loss conductance 
Ah,. The equations for the self-admittance Yrr and the 
transfer admittance Yr, are given in Appendix 1. As can be 
seen, after the transformation only two terminal compon- 
ents and one node apart from the reference node remain. 
Thus, unnecessary nodes have been eliminated and Y 
becomes smaller and easier to form, as this transformation 
is performed for each exterior wall. The equivalent source 
Q,, becomes just like any other source acting on the 
interior room surfaces (e.g. solar radiation transmitted 
through a window) and, as a consequence of superposition, 
the sources are added and become part of the heat source 
vector. For the room air node Yr, becomes equal to the 
infiltration conductance (in this case TeO is equal to the 
ambient temperature) and Yra = - Yrr = - Uinr. 
The Y-diakoptic method will be developed through 
application to a two-zone passive solar building because it is 
felt that matrix manipulations are easier to understand with 
an example, and the two-zone building is an important 
practical case. The building is of the type shown in Figure 
3. The linear graph after the simplifications is shown in 
Figure 4a. For clarity, no sources are shown although there 
are sources acting at all nodes, made up of the sums of 
actual and equivalent heat sources as explained previously. 
Nodes for the direct gain room are indicated by the letter a, 
and for the back room by b. For each room, node 1 repre- 
sents the air, node 2 the window and node 3 the wall 
containing the window, while nodes 4 to 8 represent the 
other five interior surfaces. All lines indicate two terminal 
admittances, except edges 3 and 4, which represent the 
three terminal component corresponding to the interior 
wall connecting the two zones. The lines going to the 
reference node represent self-admittances for the air (node 
1) and the interior surfaces (nodes 2 to 8). 
The Y-diakoptic method for multizone buildings 
The development given here for thermal networks is analo- 
gous to that described by Brameller et al. for electrical 
networks.g The first step in diakoptics is to ‘tear’ the net- 
work into subnetworks by removing edges (tie-network) in 
such a way as to take advantage of the topological and 
physical characteristics of the network. Ideal edges for 
removal are those which separate subnetworks with dense 
regions. For example, in the two-zone case an ideal edge for 
Figure 3 Two-zone passive solar building. Nodes representing room 
surfaces (and air) for linear graph of Figure 4: (1) air, (2) window, 
(3) wall containing window, (4) ceiling, (5) left side wall, (6) right 
side wall, (7) floor, (8) common wall ((a) south facing room, (b) 
back room) 
Reference r 
a 
&Zone a 4 I-Zone b ___) 
C 
d 
Figure 4 (a) Simplified linear graph for two-zone building of 
Figure 3 (a are direct gain zone nodes, b back zone nodes, no 
sources shown), (b) transformation of two-port common wall 
(one layer) to delta section, (c) MTR for each room, and admit- 
tances Y, and Y,, replaced by heat sources, (d) tie-network 
removal would be edge 9, which represents the convective 
coupling between the rooms. The rooms are also coupled 
by the 3 terminal component (edges 3,4), and it is conveni- 
ent to transform this component into an equivalent delta 
or star section made up of three two terminal components. 
In this way, by removing another two terminal component 
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the two subnetworks corresponding to the two room 
interiors can be completely separated, since they have a 
common reference node. 
The 3-terminal component is transformed into a delta 
section, as in this way no extra node is introduced. This 
transformation is illustrated in Figure 4b and the equations 
for the transformation are given in Appendix 2. After this 
transformation, edges 9 and 10 are removed (see Figure 4~). 
In order to keep the same heat flows into nodes 8a and 8b, 
and 1 a and 1 b, the removed edges 9 and 10 are replaced by 
equivalent heat sources. In Figure 4c each zone (subnet- 
work) is represented by its MTR, in which each edge is 
associated with a pair of temperature and heat flow variables. 
The nodal temperatures are relative to the datum or reference 
node. There are also heat sources acting at each node (con- 
nected to datum) and they are not shown for clarity. Only 
the two heat sources replacing the removed edges 9 and 10 
are shown. 
The admittance matrices Y, and Y, for the two zones 
can be obtained by inspection, as described previously. The 
nodal admittance equations for the two zones can be repre- 
sented jointly in a block diagonal matrix form. For the time 
being the equivalent sources replacing the tie-network are 
ignored and the resultant equations are given by: 
(4) 
where Q, and Qbrepresent any heat sources that may exist 
within each zone, such as absorbed solar radiation. Thus 
we only need to store the two submatrices of the total 
admittance matrix in equation (4) and its inverse can be 
obtained by inverting each of the two submatrices indivi- 
dually, thus increasing the numerical efficiency of the 
solution process. 
Analogous to equation (4), the terminal equations in 
impedance form for the removed edges may be given as: 
Zcq, = Tc (5) 
or 
where now instead of T representing a temperature relative 
to a reference node, T, and Tlo represent temperature drops 
across edges 9 and 10 (i.e. temperature difference between 
node pairs (la, 1 b) and (8a, 8b) respectively). 
Considering Figure 4c, the equivalent heat flows in edges 
9 and 10 can be compactly accommodated in equation (4) 
as 
YT=Q+q (6) 
or 
where qn and qb correspond to heat flows in edges 9 and 
10, and equation (6) represents the heat balance for the 
system in nodal admittance form. To determine q in terms 
of qc, the vertex (nodal heat balance) equations for the 
system in Figure 4c are.written to obtain: 
B[qIq,l’=O (74 
where 
B = [Z/-c] 
and B is the system incidence matrix. Therefore. 
Q = Cq, (7b) 
Z is the identity matrix and C is called the connection 
matrix because it contains information about the connec- 
tion of the subnetworks. The entries of the incidence 
matrix B are given as: 
Edge 
a I b I 
12345678112345678;910 
I 
Node _- _ _ _ _ _ _ -_I___-_----_I-_ 
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11 ol I 
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I I0 O 
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1 I I0 0 
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1 ’ ‘0 0 
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By applying the orthogonality principle3 the temperature 
drops T, and T,, can be related to nodal temperatures as 
follows: 
T, = - C’T (8) 
The Y-diakoptic equations can be derived by direct 
substitutions. Substituting equation (8) in (5), one obtains: 
Z,q,=-CC’T (9) 
and by substituting (7b) into (6) yields: 
YT=Q+Cqc (10) 
Equations (9) and (10) are the fundamental equations of 
Y-diakoptics for thermal networks. From equation (10) it 
can be deduced that: 
T = Y-l(c) + CqJ (11) 
Now substitute for T from equation (11) into (9) rearrange, 
and invert to get qc. Then, substituting back for qc into (11) 
yields the final solution for the nodal temperatures T as: 
T= (Y-l - Y-‘CZ*C’Y -‘) Q 
where 
(12) 
z” = (Z, + c’ Y -‘c)-’ 
All vectors and matrices (except C) are a function of 
frequency. In most practical cases a periodic solution is 
desired and thus sources are represented by Fourier series; 
Q(Z) and T(Z) become phasor quantities and equation (12) 
is solved once for each harmonic (frequency). The total 
time domain solution is obtained by superposition of the 
harmonics of T(Z).‘*‘13 
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Note that no approximation has been made during the 
decomposition process. It would have been possible to 
directly eliminate qc from the fundamental equations to 
give :
T=(Y+CZ,‘C’)-‘Q (13) 
This would have required the inversion of a matrix which 
is not block diagonal, defeating the purpose of this analysis. 
Note that matrix Z* is small (2 x 2 in this case) and of order 
equal to the number of removed components. The matrices 
indicated in (12) can be evaluated very efficiently by using 
sparse matrix methods. For example only the nonzero 
elements of C should be stored, in the form of a two 
column array, each row corresponding to a removed edge, 
and containing its end nodes. Thus, products like C’ZC can 
be evaluated efficiently as summations of products involv- 
ing only nonzero elements of C (Z = Y-l). 
The extension of the method to multizone buildings is 
straightforward. The Y matrix for the decomposed system 
will consist of n blocks in the diagonal position for n zones. 
There is still one connection matrix describing the intercon- 
nection of the zones and a diagonal matrix Z, giving the 
terminal equations for the removed edges in impedance 
form. In the example above no discretization of the walls 
was employed. However, the method can still be used if 
discretization is employed, the only difference being that 
the transformation in Figure 4b is no longer necessary. 
The solution algorithm is summarized below: 
(1) Subdivide the network into subnetworks by choosing 
edges for removal. 
(2) Form the connection matrix. 
(3) Form the nodal admittance matrices for the subnet- 
works, and combine the terminal equations for the removed 
edges into a diagonal matrix Z,. 
(4) Form the heat source vector and solve for the nodal 
temperatures using equation (12). 
Application example 
A FORTRAN program was developed to implement the 
above method in the frequency domain. Sample results 
are described here for the fundamental harmonic 
(period = 24 h). 
It is important in the thermal design of direct gain 
passive solar buildings to evaluate the temperature swings 
in solar heated rooms under various solar radiation inputs 
in order to prevent overheating on sunny days. For deter- 
mining these swings, steady periodic conditions are usually 
assumed. Thus, by knowing phases and magnitudes of 
variables and representing sources by Fourier series, it is 
straightforward to transform to the time domain for steady 
periodic conditions. This was the approach followed by 
Athienitis and Sullivan in developing a method for deter- 
mining the temperature swings for a simple direct gain 
room model.12 The absorbed solar radiation was modelled 
by a Fourier series, the fundamental harmonic having a 
period equal to 24 h. This fundamental harmonic was 
found typically to cause about 70% of the size of the 
temperature swing.13 
In the example described here, the main objective is to 
show how temperature swings change for a one-zone, one- 
room direct gain building, when another zone is added at 
the back, corresponding to zone b in Figure 3. with or 
without convection between the two rooms. At the same 
time the flexibility of the method in analysis is demon- 
strated. Since superposition applies, the effects of different 
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source harmonics can be considered alone, and since the 
fundamental is the most important it was considered alone 
for the purpose of this example. Most of the incoming solar 
radiation is absorbed by the floor. Thus, in order to simplify 
this example, only one source is considered acting on the 
floor of the direct gain room (node 7a) and with magnitude 
2000 W, phase angle 0, and period P = 86 400 s (one day). 
The corresponding complex phasor quantity used in equa- 
tion (12) is Q(7a) = 2000 + iO.0. The sinusoid describing 
the source is Q(7a) = 2000 cos(2r/P) t. 
The dimensions used for the building (see Figure 3), are 
(metres): W=6.1,L,=L,=4.57.H=2.44.H,=0.3, 
W,=4.18,H,=2, W,= 1,Hd=2,P=Z=0.5,M= 1.3. 
The storage mass is concrete with: k = 1.73 W rn-’ K-‘, 
p = 2242.58 kg m-3 and c = 840 J kg-’ K-‘. In all cases 
considered in the example, storage mass is assumed to be 
present in zone a in the form of 14 cm thick interior 
concrete layers on the floor and on all vertical walls of zone 
a, apart from the one containing the window. Except for 
the common wall, no storage mass is present in zone b 
(except in certain cases on the floor of b). The insulation 
values are 6.16 RSI for ceilings and walls containing win- 
dows and 4.4 RSI for all other surfaces. The infiltration 
is 0.5 air changes per hour, and the total exterior heat 
transfer coefficient for all external surfaces in 21.4 W K-’ 
me’. All interior convective coefficients are set to 3 W Km1 
m-’ and the windows are assumed double glazed with total 
heat transfer coefficient 7.4 W K-’ mm2. 
Evaluation of the interzone convective coefficient is 
now described briefly. A discussion of recent research 
results on interzone convection was given by Bauman er 
aZ.14 The relation used to calculate the interzone convective 
coefficient is the one suggested by Weber et al.” The 
convective admittance Y, of Figure 4 which links the air 
in the two rooms is equal to Adhiz and the convective 
coefficient is given by: l5 
h, = 73 Ci, (HdAT~,)1i2 
where Hd is the door height, and Ci, is a constant depend- 
ing on room geometry (in the range 0.65-1.0). A value of 
0.89 is used for Cizls The temperature difference AT,, is 
equal to 1 T( la)- T(lb) 1 for the present case and a con- 
stant value must be assumed for linearization (this is the 
standard procedure also used for surface convective 
coefficients). 
Seven cases are considered and the amplitudes of the 
resulting air temperatures are shown in TabZe 1. In case 1 
a one-room building is considered, identical to zone a of 
Figure 3 but with room b removed and the storage mass 
of the back wall insulated to the same level as other exterior 
walls. In al1 other cases the building is two-zone with no 
storage mass in zone b (apart from the common wall con- 
necting the zones) except in cases 3 and 7 where there is 
0.14 m of concrete on the floor of b. For cases 2 and 3, 
the door is assumed to be closed, and thus the rooms are 
only conductively coupled. In cases 4-7 the rooms are 
conductively and convectively coupled. The interzone 
conductance Y, magnitude in cases 4, 5, and 6, is 1 SO, 
200, and 250 W/K respectively, corresponding to AT,, 
(linearization temperature difference) values of 0.67 K, 
l.l8K,and 1.85K. 
Comparison of case 1 with cases 2 and 3 in Table 1, 
reveals that adding another zone without convective 
coupling does not affect significantly the temperature 
swing in the direct gain zone a. However, convection to 
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Table 7 Air temperature amplitude (K) 
Air temperature 
Case Description Y, W/K) Zone a Zone b 
1 One-zone N/A 1.720 N/A 
2 Two-zone 0 1.729 0.479 
(no mass in b) 
3 Two-zone 0 1.746 0.150 
(mass on 7b) 
4 Two-zone 150 1.431 0.974 
(no mass in b) 
5 Two-zone 200 1.407 1.035 
(no mass in b) 
6 Two-zone 250 1.391 1.077 
(no mass in b) 
7 Two-zone 150 1.239 0.564 
(mass on 7b) 
In cases 2 and 3, zones a and b are only conductively coupled; cases 
4-7 also include interzone convection (Y, = interzone convective 
conductance, 7b = floor of zone b) 
the back zone (cases 4, 5, 6) reduces the air temperature 
difference between the zones, thus reducing the proba- 
bility of uncomfortable temperature swings in the direct 
gain room. The air temperature swings in the two zones 
are further reduced by adding mass in zone b (case 7). 
Finally, comparing 4, 5, and 6, we can see that relatively 
large changes in Ys do not affect significantly the air tem- 
peature swings in the two zones. 
The above example demonstrates the flexibility of the 
method in the analysis of design cases of differing com- 
plexity using the same algorithm. Moreover, it provides 
some insight into the problem of determining temperature 
swings in passive solar buildings. 
Discussion 
The nodal formulation was employed because it is very 
efficient for the sparsely interconnected, internally dense, 
subnetworks corresponding to rooms. The overall method 
presented does not require any approximations during 
the decomposition process and therefore it does not 
introduce any errors, giving the same numerical solution 
as the complete nodal solution. Its main advantages over 
the latter are summarized as follows: 
(1) Physically meaningful subnetworks, such as these 
corresponding to rooms, exterior or interior walls, are 
identified and their identity is preserved during the analysis. 
Thus, physical insight into the system, its subsystems and 
their couplings is enhanced. 
(2) Modifications to network sections are very efficiently 
handled by solving again a minimum number of equations 
corresponding to the changed subnetworks, thus reducing 
the computation cost. 
(3) Each subnetwork may be interconnected with others 
without having to invert the subnetwork equations 
each time, thus giving flexibility in design. 
(4) The method is easily programmed since all matrices 
are automatically formulated and the solution process is 
efficient. 
(5) Less computer storage space is required than in analysis 
without any form of system decomposition because the 
admittance matrix is block diagonal and only non-zero 
blocks need be stored. 
In forming admittance matrices, advantage in terms of 
space requirements may occur due to the fact that they are 
symmetric. Modifications to include two-port components 
are easily made because a common reference node is used. 
Although in the example presented the rooms or zones 
have been modelled as coupled by only two paths, this is 
not a limitation of the model: when zones coupled by n 
paths are modelled, n components will have to be removed 
to decouple the zones. The connection matrix C (equation 
(7)) will have as many columns as there are removed com- 
ponents and Z, (equation (5)) will be of size n x n. 
The method is most useful in evaluating the passive 
behaviour of a building, which is of periodic nature, under 
many design options. Auxiliary heating or cooling load 
calculations can also be made by including another source 
in the analysis, the auxiliary heating-cooling source, which 
can be modelled in a variety of ways. The auxiliary source 
must be approximated as linear and there are two main 
options for its model: to assume that the room air tempera- 
ture is constant and thus the source is a temperature source 
equal to this constant, or better, to assume that it is a heat 
source/sink which heats/cools the room air at a rate propor- 
tional to the difference between the air temperature and 
the desired temperature, i.e. it is analogous to an electrical 
voltage-controlled current sourceP 
Extensions of the method are being investigated, mainly 
in the use of adjoint network methods for sensitivity 
analysis4 The authors are mainly interested in large change 
sensitivity analysis, as opposed to differential sensitivity, 
both for efficient analysis and design, and also for testing 
the accuracy of modelling assumptions such as linearization 
of heat transfer coefficients. 
Conclusions 
An efficient method has been described employing multi- 
terminal representations and Y-diakoptics for the frequency 
domain analysis of passive solar buildings. The concept of 
the analysis of a thermal network through identification of 
physically meaningful subnetworks has enhanced the 
modelling and analysis of large complex thermal systems. 
The thermal enclosures corresponding to rooms are very 
general in that all three types of heat transfer are present 
and also because both lumped and distributed components 
are present. The method of analysis presented can therefore 
be easily extended to other thermal systems such as furnaces 
and heat exchangers. For the particular case of passive solar 
building design, a direct application of the frequency 
domain method developed has been demonstrated in 
evaluating room temperature swings under steady periodic 
conditions. 
Nomenclature 
k 
L 
P 
4 
WI 
area (m”) 
door area (m”) 
specific heat capacity (J kg-’ K-‘) 
convective heat transfer coefficient (W K-’ m-‘) 
interzone convective heat transfer coefficient 
(W K-’ me*) 
conductivity (W m-l K-l) 
thickness (m) 
period = 86 400 s 
heat flow (W) 
heat source acting at node 1 (W) 
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t 
T 
T eo 
u 
?(I, J) 
a! 
P 
CJ 
0 
I 
time (s) (t = 0 at noon of first day) 
temperature (K) 
sol-air temperature (temperature source) 
conductance ( W K-‘) 
admittance of component i (W K-l) 
entry of matrix Yin position (1, J) 
kl(cp) 
density (kg me3> 
Stefan-Boltzman constant, 5.69 x 1 O-’ W m-* Ke4, 
frequency (rad s-‘) 
signifies transpose of a matrix 
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Appendix 1 
Norton equivalent for exterior wall (Figure 2) 
In the derivation below it is assumed that only the 
interior layer of the wall is massive, and hence it is the only 
energy storage element. For a slab, the cascade form of the 
terminal equations (for unit surface area) in the Laplace 
domain s is given by:6 
(14) 
where D = cosh(yl), B = sinh(yL)/(ky), C = (ky) sinh(-yl) 
and y = (s/a)“‘. 
In the frequency domain set s = jw, where j = (- 1)1’2. 
The convention followed is that q is positive into the wall. 
Let u. be the conductance per unit area behind the storage 
mass, combining the effect of nonmassive wall layers 
(mainly insulation) and the combined exterior heat transfer 
coefficient (u. = U,/A). To obtain the total cascade matrix, 
multiply the cascade matrices for the two components: 
(15) 
Since T2 = Tea, after multiplying out and setting T1 = 0 
the equivalent source is obtained as: 
Q,, = - YnTeo 
where 
Y,, = - A/(D/uo + B) (16) 
Note that the transfer admittance above has been multiplied 
by the wall surface area A to obtain its total value. Now, to 
obtain Yrr set Tz = 0 and obtain the driving point admit- 
tance as seen from port 1 as (after multiplying by A again): 
Yr I = (A C/D + ~oY((uoB/D) + 1) (17) 
Appendix 2 
Delta section equivalent for a slab (Figure 4(b)) 
The two-zone common wall is a one layer slab whose 
cascade equations are given above (equation (14)). To 
transform to admittance form, use the transformation 
equations given by Roe to obtain:3 
Y(l, 1) = Y(2,2) =AD/B (18) 
Y(l,2)= Y(2, 1)=--A/B (19) 
where D, B are given in equation (14). For this two-port 
and the delta section obtained by the transformation, to 
be equivalent, we must have identical Y parameters. The 
delta section parameters are obtained by inspection as: 
Y(l, l)= Y(2,2)= r,+ Yre 
Y(l, 2) = Y(2,l) =- Y,, 
Now equating to equations (1 g), (19) the solutions are 
obtained as: 
Yro = A/B (20) 
Y*=A(D- 1)/B (21) 
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